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Abstract
We estimate the number of quark jets in QCD multi-jet final states at hadron
colliders. In the estimation, we develop the calculation of jet rates into that
of quark jet rates. From the calculation, we estimate the improvement on the
signal-to-background ratio for a signal semi-analytically by applying quark/gluon
discrimination, where the signal predicts many quark jets. We introduce a variable
related to jet flavors in multi-jet final states and propose a data-driven method
using the variable. As the same with the semi-analytical result, the improvements
on the signal-to-background ratio using the variable in Monte-Carlo analysis are
estimated.
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1 Introduction
So far we have not caught a clear sign of physics beyond the standard model at the LHC.
We should maximize the discoverability of new physics at the LHC by using information
of final states more precisely. In conventional analyses, we categorize events by inclusive
variables like the number of jets, the scalar sum of the transverse momentum of jets and
so on, then find signal regions using exclusive variables like the transverse momentum of
objects, the distance between objects etc. We are able to access more specific features
of events using jet substructure, and the related studies have developed dramatically in
this ten years [1–6].
In the studies, many methods and variables to identify the origin of a jet using the
jet substructure information have been proposed [7–21] and been understood well based
on the resummation with the assumption of soft-collinear factorization [22–42]. Appli-
cations of the jet substructure techniques to new physics searches at the LHC are also
considered (see e.g., [43–47]). Especially, numerous studies related to identifications of
boosted jets originated from the top quark, Higgs and Z/W bosons have been appeared.
Some prominent variables were measured experimentally and the performance of tag-
ging techniques have been tested. The tagging techniques are being used for new physics
searches at the LHC [48–51]. These boosted jets have a multi-prong structure inside the
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jet and we can distinguish these from QCD jets using the features, where the QCD jets
mean quark- and gluon-initiated jets. There is also progress in the studies for the sep-
aration between the quark jets and gluon jets. The performance of separation and the
shapes of variables have been measured [52–59]. In recent years, applications of machine
learning techniques to improve the separation performance are focused on [60–72].
One of the differences between the boosted jet tagging technique and the quark/gluon
discrimination is the size of the jet radius used in the analysis. The multi-prong structure
of boosted jets are formed by decays stem from the electroweak interaction, and a large
jet radius is basically required to catch most of the decay products. The QCD jets have
1-prong structures such that there is a core parton carrying on most of the energy of jet,
and the core is dressed in soft-gluons radiated from itself. The main difference between
quark jets and gluon jets stems from the difference of color factors for the gluon radiation.
Gluon jets emit more partons and wider radiations due to the difference. Neglecting the
logarithmic scaling on the strong coupling and masses of the active quarks, the QCD
radiation is the scale-invariant. That is, if one zooms in on a QCD jet, one will find
a repeated self-similar pattern of jets within jets within jets, reminiscent of fractals.
The difference exists even in a neighborhood of the jet core, therefore the quark/gluon
discrimination works out even if the jet radius is small.
Due to the properties, the quark/gluon discrimination is maximally utilized in multi-
jet final states. In the case that a signal has more n quark jets compared to back-
grounds, we naively expect the signal-to-background ratio increases (q/g)
n times using
the quark/gluon tagging, where q and g are the quark and gluon jet efficiencies and
q/g > 1 in the assumption such that quarks come from a signal.
Many new physics models form multi-jet final states. For example, heavy colored
resonances in each model, like gluino or squarks in SUSY, could emit many partons
via their cascade decays, and there are several studies for these at the LHC [73–79].
Another example is searches of low-scale gravity which deals with the hierarchy problem
concerned with the difference between the electroweak and Plack scale. The models can
predict microscopic black holes or highly excited string states at TeV scale. The objects
emit a large number of energetic particles which are mostly quark and gluons, and
the phenomenon is constrained experimentally [81–85]. Moreover, the multi-jet final
state is a good probe for the higher dimensional operators which are caused by new
color interactions at a high energy scale. There are two type of dimension-6 pure QCD
operators, gsfabcG
µ
aνG
ν
bλG
λ
cµ and g
2
s(q¯γµTaq)(q¯γ
µTaq), and especially the triple gluon field
strength gets large enhancement at high energy and large jet multiplicity regions [86,
87]. The operator also predicts a characteristic quark/gluon jet fraction such that G3-
operator forms leading and sub-leading gluon jets although the leading and sub-leading
jets tend to be valence quark jets in the standard model backgrounds.
We develop the calculation of jet rates into quark jet rates, and estimate quark/gluon
jet fractions in the QCD multi-jet final states. Also, we consider a data-driven analysis
for new physics searches in multi-jet final states. In the analysis, we introduce a variable
defined in events having jets greater than or equal to n,
d =
√√√√ 1
n
n∑
i=1
Q2i , (1)
where Qi(> 0) is assigned to i-th jet and it becomes larger when the jet substructure
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seems to be a quark jet. So, d gets larger if events have more quark jets. In conventional
analyses for multi-jet final states, we fit a distribution of an inclusive variable like the
scalar sum of the transverse momenta HT in a control region and predict the number of
background in a signal region using the fit functions. We also fit remaining rates of the
number of events after imposing d-cut for each HT bins as will be shown in Fig. 7 and
show a big improvement from conventional analyses by using the new information.
This paper is organized as follows. In Section 2, we calculate quark jet rates at hadron
colliders based on the generating functional method. In Section 3, we estimate how many
quark jets are contained in the QCD multi-jet background using the formulae derived
in the last section. Improvements of the signal-to-background ratio for the analysis
in multi-jet final states by using the quark/gluon discrimination are also estimated
semi-analytically. In Section 4, the improvements using the variable d are estimated
in Monte-Carlo analysis. In Section 5, we summarize our results and reach out to a
conclusion.
2 Quark jet rates in multi-jet final states
We first estimate how many quark jets are contained in the QCD multi-jet background
at hadron colliders. The estimation is useful to know the impact of quark/gluon dis-
crimination for new physics searches and helps to understand the results of the analysis.
Assuming infinite calculation resources, we can add any number of additional partons
into parton showers using the matching schemes [88–92] in the simulation of multi-jet
final states. However, we don’t have such enormous calculation resources. So, we use
the generating functional method [93–96] based on DGLAP equations. All of leading
logarithmic (LL) terms and a part of next-to-leading logarithmic (NLL) terms are taken
into account in the calculation. Matrix element corrections for additional partons are
absence in the calculations and those effects are examined in Appendix A.2.
The definition of quark and gluon jets are typically given by using parton-level
information [97–99]. We also use the parton-level definition in this study. Although the
definition is unphysical since jets are observed at hadron-level, we assume the number
of quark jets defined at parton-level is close the number at hadron-level. It should be
noted that a well-defined definition of quark/gluon jets at hadron-level was proposed
recently [100]. We can see a result in the reference that quark jets fraction defined at
parton-level can be extracted using hadron-level information. It has been demonstrated
for the hardest jet in Z+jet process and for the hardest two jets in dijet process with a
Monte-Carlo event generator.
2.1 Generating functionals
Conventionally, a generating functional for a final state parton i is defined as,
Φi(u, p, t) =
∞∑
n=1
unR(i,out)n (p, t), (2)
where p and t are the transverse momentum and energy scale for the parton i. We call a
parton whose transverse momentum is larger than p0 and which is separated from other
3
partons by R or more in η-φ plane as a jet, where the non-global logarithmic effect [101]
is ignored. The jet rate R
(i,out)
n represents the probability that the parton i forms a n
jets configuration by final state radiation [102–106]. We develop the definition,
Φi(u, v, p, t) =
∞∑
n=1
unR(i,out)n (v, p, t), (3)
where the modified jet rates are given by a polynomial expression,
R(i,out)n (v, p, t) =
n∑
m=0
vmR(i,out)n,m (p, t). (4)
We call R
(i,out)
n,m as quark jet rates and it represents the probability that i forms a n jets
configuration in which m quark jets are contained.i The number of jet n starts from 1
since the final state itself becomes a jet even if it doesn’t emit any resolved emissions.
The jet rate R
(i,out)
n in Eq. (2) is simply given as,
R(i,out)n (p, t) = R(i,out)n (1, p, t). (5)
We can acquire the quark jet rates by differentiating the functional as,
R(i,out)n,m (p, t) =
1
n!m!
∂n
∂un
∂m
∂vm
Φi(u, v, p, t)
∣∣∣∣
u=v=0
. (6)
Similarly, we introduce a generating functional for an initial state parton i,
Ψi(u, v, x, t) =
∞∑
n=0
unR(i,in)n (v, x, t), (7)
where
R(i,in)n (v, x, t) =
n∑
m=0
vmR(i,in)n,m (x, t). (8)
Quark jet rates for the initial state R
(i,in)
n,m represents the probability that i emits n jets in
which m quark jets are contained. The argument x is the energy fraction for i, therefore,
the parton carry on the energy xpbeam, where pbeam is the hadron beam energy. The
number of jet n starts from 0 since the initial state doesn’t generate any jet if it doesn’t
emit any resolved emissions.
A generating functional for a hard process is given by a product of functionals for
initial and final states. For example, a generating functional which has initial states
i1, i2 and final states f1, f2 is given as Φ = Ψi1Ψi2Φf1Φf2 , and we can derive the quark
jet rates for the hard process by the differentiate in Eq. (6).
For brevity, we omit the arguments u and v in the generating functionals below.
2.1.1 Evolution equations
We derive evolution equations for generating functionals of final and initial states. We
first start with the final state. We get following equations in the case that any resolved
i You may prefer the definition of functional such that Φˆ(ug, uq) =
∑
ng
∑
nq
u
ng
g u
nq
q Rˆng,nq , where
nq and ng are the number of quark and gluon jets, and Rˆng,nq is the probability that an event has nq
quark jets and ng gluon jets. The two functionals are just related by Φ(u, v) = Φˆ(u, uv)|nq=n−ng, ng=m.
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Figure 1: Schematic illustration of initial and final state radiations. The central blob shows a hard
process, p is the transverse momentum for a final state, z is the energy fraction for the final state, and
x and x′ are the momentum fractions for an initial state and its parent parton.
emission doesn’t happen, namely for n = 1,
R(q,out)1 (v, p, t) = v∆˜q(p, t), R(g,out)1 (v, p, t) = ∆˜g(p, t), (9)
where ∆˜i(p, t) is the Sudakov form factors which shows the probability that any resolved
emission doesn’t happen between the starting scale t and a minimum resolved scale. We
define the form factors in Sec. 2.1.2. If a quark doesn’t emit any resolved emission it
forms one quark jet, so we need v in front of ∆˜q. In the case that the resolved emission
happens at least one time, namely for n > 1, the modified jet rates have the following
equation,
R(i,out)n (v, p, t) =
∑
k
∫ 1
p0/p
dz
z
∫ t
t0
dt′
t′
∆˜i(p, t)
∆˜i(p, t′)
Γ˜i→jk(z, t′) (10)
×
∑
n1+n2=n
R(j,out)n1 (v, p, t′)R(k,out)n2 (v, zp, t′),
where Γ˜i(z, t) = αs(z, t)Pi(z)/pi, αs(z, t) and Pi(z) are the running strong coupling and
the splitting functions, t0 is a given minimal scale, and p0 is the minimum resolved
transverse momentum which corresponds to the minimum pT cut for jets. We use
the emission angle as the scale such as t =
√
1− cos θ (' θ/√2), then t0 =
√
1− cosR,
where R corresponds to the jet radius. As said above, we simply declare radiation whose
transverse momentum and angle are greater than p0 and R as a jet in our calculation,
and the jet algorithm dependence is beyond the scope of this paper. The ratio of Sudakov
form factor shows the probability that the parton i doesn’t emit any resolved emissions
between the scale t and t′. From these equations, we get evolution equations for the
generating functionals of final states [19, 96] as,
Φq(p, t) = uv∆˜q(p, t) +
∫ 1
p0/p
dz
z
∫ t
t0
dt′
t′
∆˜q(p, t)
∆˜q(p, t′)
Γ˜q(z, t
′)Φq(p, t′)Φg(zp, t′), (11)
Φg(p, t) = u∆˜G(p, t) +
∫ 1
p0/p
dz
z
∫ t
t0
dt′
t′
∆˜G(p, t)
∆˜G(p, t′)
[
Γ˜g(z, t
′)Φg(p, t′)Φg(zp, t′) (12)
+nf Γ˜gg(z, t
′)Φq(p, t′)Φq(zp, t′)
]
.
where Φq and Φg are the generating functionals for quarks and gluons. For brevity we
define the following logarithms,
κ = ln(p/p0), κ
′ = ln(zp/p0), (13)
λ = ln(t/t0), λ
′ = ln(t′/t0). (14)
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With these variables, the equations in (11) and (12) are rewritten as,
Φq(κ, λ) = uv∆˜q(κ, λ) exp
[∫ λ
0
dλ′
∫ κ
0
dκ′Γ˜q(z, t′)Φg(κ′, λ′)
]
, (15)
Φg(κ, λ) = u∆˜G(κ, λ) exp
{∫ λ
0
dλ′
∫ κ
0
dκ′
[
Γ˜g(z, t
′)Φg(κ′, λ′) (16)
+nf Γ˜qq¯(z, t
′)
Φq(κ, λ
′)
Φg(κ, λ′)
Φq(κ
′, λ′)
]}
,
We next derive generating functionals for initial states. For an initial state i, from
the DGLAP equation, the normalized change of a parton density for i, in other words,
the probability that i emits an initial state radiation between t′ and t′ + dt′ is,
dP(x, t′) = dfi(x, t
′)
fi(x, t′)
=
∑
k
dt′
t′
∫ 1
x
dx′
x′
αs
pi
Pk→ij(z)
fk(x
′, t′)
fi(x, t′)
, (17)
=
∑
k
dt′
t′
Pk→ij(z, t′), (18)
where x and x′ are the momentum fractions for i and its parent parton as shown in
Fig. 1, fi is the parton distribution function (PDF) for i, and z = (x
′ − x)/x′. In the
case of initial state radiation, R(i,in)0 is given by the probability that i doesn’t emit any
resolved initial state radiations,
R(i,in)0 (v, x, t) = exp
(
−
∫ t
t0
dP(x, t′)
)
= Π˜i(x, t), (19)
where Π˜i is the Sudakov form factor for initial states. In the case that a resolved emission
happens at least one time, namely for n > 0, the modified jet rates have the following
relation,
R(i,in)n (x, t) =
∑
k
∫ t
t0
dt′
t′
Π˜i(x, t)
Π˜i(x, t′)
Pk→ij(z, t′) (20)
×
∑
n1+n2=n
R(j,in)n1 (x′, t′)R(k,out)n2 ((x′ − x)pbeam, t′). (21)
From the above equations and the definitions of the generating functionals, the evolution
equation for the functional of initial states is given as,
Ψi(x, t) = Πi(x, t) +
∑
k
∫ t
t0
dt′
t′
∫ 1
x
dx′
zx′
Πi(x, t)
Πi(x, t′)
(22)
× fk(x
′, t)
fi(x, t)
Γk→ij(z, t′)Ψk(x′, t′)Φj((x′ − x)Ebeam, t′),
The logarithms κ and κ′ are modified for initial states as,
κ¯ = ln((1− x)pbeam/p0), κ¯′ = ln((x′ − x)pbeam/p0). (23)
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In terms of these variables, the equations in (22) for quarks and gluons are,
Ψq(κ¯, λ) = Π˜q(κ¯, λ) exp
[∫ λ
0
dλ′
∫ κ¯
0
dκ¯′
{
Γ˜q(z, t
′)
fq(x
′)
fq(x)
Φg(κ¯
′, λ′) (24)
+Γ˜qq¯(z, t
′)
fg(x
′)
fq(x)
Ψg(x
′, t′)
Ψq(x, t′)
Φq(κ¯
′, λ′)
}]
,
Ψg(κ¯, λ) = Π˜g(κ¯, λ) exp
[∫ λ
0
dλ′
∫ κ¯
0
dκ¯′
{
Γ˜g(z, t
′)
fg(x
′)
fg(x)
Φg(κ¯
′, λ′) (25)
+
∑
q
Γ˜gq(z, t
′)
fq(x
′)
fg(x)
Ψq(x
′, t′)
Ψg(x, t′)
Φq(κ¯
′, λ′)
}]
,
where we neglect the scale dependence on the ratio of PDF since the effect is negligible.ii
The splitting kernels are summarised as follows:∫
dz
z
Γ˜i(z, t
′) =
∫
dz
αs(k
2
t )
pi
Pi(z) (26)
'
∫
dz
z
(1−D)×

aq, i = q, q → qg,
ag, i = g, g → gg,
aqq
nf
z[z2 + (1− z)2], i = qq¯, g → qq¯,
aq
z
2
1+z2
1−z , i = gq, q → gq,
(27)
=
∫
dz
z
(1−D)× Γi(z). (28)
We use the relative transverse momentum kt as the scale of the strong coupling, and
expand the coupling at a minimal kt with the 1-loop beta function,
αs(k
2
t ) = αs(1−D), αs = αs(2p20t20), a = 2αsb0, (29)
D =
{
(aκ′ + aλ′)/(1 + aκ′ + aλ′), for final states,
(aκ¯′ + aλ′)/(1 + aκ¯′ + aλ′), for initial states,
(30)
where we employed the following expression for the transverse momentum,
k2t =
{
2z2p2t′2 for final states,
2(x′ − x)2p2beamt′2 for initial states.
(31)
The coefficients are aq,g = 2CF,Aαs/pi and aqq¯ = nfTRαs/pi for final states, and we remove
the factor 2 in ag for initial states because the soft singularity for z → 1 in the gluon
splitting function Pg(z) is suppressed by the gluon PDF fg(x
′). The number of active
flavors is given by nf and it is set to 5 in numerical calculations below. The non-tilde
splitting kernel Γi(z) is given by removing the running effect of αs from Γ˜i(z, t
′).
iiWe fix the factorization scale for the PDF ratios to the hard scale, namely t′ = t, in numerical
calculations below.
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2.1.2 Sudakov form factors
The Sudakov form factors for final states are defined as,
∆˜i(κ, λ) = exp
(
−
∫ κ
0
dκ′
∫ λ
0
dλ′Γ˜i(z, t′)
)
, i ∈ {q, g} (32)
∆˜qq¯(κ, λ) = exp
(
−
∫ κ
0
dκ′
∫ λ
0
dλ′nf Γ˜qq¯(z, t′)
)
, (33)
∆˜G(κ, λ) = ∆˜g(κ, λ)∆˜qq¯(κ, λ). (34)
Sudakov form factors which are evaluated by neglecting the running effect of αs are
given as,
∆i(κ, λ) = exp(−aiκλ), i ∈ {q, g}, (35)
∆qq¯(κ, λ) = exp(−aqq¯cqq¯λ), (36)
∆G(κ, λ) = ∆g(κ, λ)∆qq¯(κ, λ), (37)
where cqq¯ =
2
3
(1−e−3κ)+e−2κ−e−κ ∼ 2
3
. We can see the structure of leading (or double)
logarithms (LL) in ∆q and ∆g, and single logarithms in ∆qq¯.
For initial states, the Sudakov factors are defined as,
Π˜i(κ¯, λ) = Π˜i,1(κ¯, λ)Π˜i,2(κ¯, λ), i ∈ {q, g}, (38)
Π˜i,1(κ¯, λ) = exp
(
−
∫ κ¯
0
dκ¯′
∫ λ
0
dλ′
fi(x
′)
fi(x)
Γ˜i(z, t
′)
)
, (39)
Π˜q,2(κ¯, λ) = exp
(
−
∫ κ¯
0
dκ¯′
∫ λ
0
dλ′
fg(x
′)
fq(x)
Γ˜qq¯(z, t
′)
)
, (40)
Π˜g,2(κ¯, λ) = exp
(
−
∫ κ¯
0
dκ¯′
∫ λ
0
dλ′
∑
q
fq(x
′)
fg(x)
Γ˜gq(z, t
′)
)
, (41)
Neglecting the running of αs, we get
Πi(κ¯, λ) = Πi,1(κ¯, λ)Πi,2(κ¯, λ), i ∈ {q, g}, (42)
Πi,1(κ¯, λ) = exp(−aiκ¯(1)fi/iλ), (43)
Πq,2(κ¯, λ) = exp(−c(1)g/q
aqq¯
nf
λ), (44)
Πg,2(κ¯, λ) = exp(−c(1)Q/gaqλ). (45)
We define a functionalized κ¯ with a function f as,
κ¯
(n)
f = n
∫ κ¯
0
dκ¯′ κ¯′n−1f(κ¯′), (46)
where fi/i(κ¯) = fi(x
′)/fi(x). For an identity function I, we can find a simple relation,
κ¯
(n)
I = κ¯
n. The two coefficients are given as,
c
(n)
g/q =
nf
aqq¯
∫ κ¯
0
dκ¯′
fg(x
′)
fq(x)
Γqq¯(z)× κ¯′n−1, (47)
c
(n)
Q/g =
1
aq
∫ κ¯
0
dκ¯′
∑
q fq(x
′)
fg(x)
Γgq(z)× κ¯′n−1, (48)
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Figure 2: The x-dependence of coefficients in Eqs. (46)-(48). The vertical axis shows xpbeam which is
the energy of an initial state. CTEQ6L1 is used in the calculations.
where
∑
q runs over all active quarks and anti-quarks. Fig. 2 shows x-dependence of the
coefficients in Eqs. (46)-(48). The vertical axis shows xpbeam which is the energy of an
initial state. Valence quarks become dominant at large x, therefore, c
(n)
Q/g becomes bigger
and c
(n)
g/u becomes smaller as xpbeam increases. We adopt the CTEQ6L1 PDF [108] in
the calculations with the help of a PDF parser package, ManeParse 2.0 [109].
2.2 Primary structure of functionals
Since the largest contribution to the t integration in Eqs. (11) and (12) comes from the
region t′ ∼ t, we use approximations Φq(λ′) ∼ Φq(t0) = uv and Φg(λ′) ∼ Φg(t0) = u to
see primary structures of the functionals [107].iii In these approximations, subsequent
emissions from a low-scale parton are prohibited. We correct the absence of the subse-
quent emissions effect in the next section. Applying the approximations in the evolution
iiiIn the approximations, the functional ratio in Eq. (16) takes a form Φq(κ, λ
′)/Φg(κ, λ′) ∼ uv/u,
which causes unphysical terms, unvm(n < m). We remove such terms by hand, which causes a unitarity
violation, namely Φ|u=1,v=1 6= 1. However the violation is very tiny, so we keep using the approxima-
tions. Note that the unitarity violation rate is 1− Φ|u=1,v=1 ' (0.1-0.4)% for numerical results in this
paper.
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equation (15) and (16) and neglecting the running of αs, we get
Φ(LL+qq¯)q = uv∆q exp
(∫ λ
0
dλ′
∫ κ
0
dκ′Γq(z)u
)
, (49)
= uv∆1−uq , (50)
Φ(LL+qq¯)g = u∆G exp
{∫ λ
0
dλ′
∫ κ
0
dκ′
[
Γg(z)u+ nfΓqq¯(z)uv
2
]}
, (51)
= u∆1−ug ∆
1−uv2
qq¯ , (52)
The terms ∆1−uq,g (∝
∑
n u
n·α¯nsL2n/n!) which come from the integration of leading splitting
kernels Γq,g are involved in the increment of the number of gluon jets with the double
logarithmic coefficients α¯nsL
2n, where L is proportional to κ or λ. The term ∆1−uv
2
qq¯ (∝∑
n u
nv2n · α¯nsLn/n!) contains v, so it is involved in the increment of the number of quark
jets with the single logarithmic coefficients α¯nsL
n. Since the enhancement term of gluon
jets has more logarithmic enhancement, the increment of gluon jets is larger than that
of quark jets. For Φ
(LL+qq¯)
q , the functional doesn’t contain the ∆qq¯ term, so the number
of quark jets doesn’t increase in this approximation.
Regarding the evolution equation for initial states in Eqs. (24) and (25), we adopt
the approximation Ψi(λ
′) ∼ Ψi(t0) = 1 as with the case of final states. The primary
structures of the functionals is represented by,
Ψ
(LL+qq¯)
i = Π
1−u
i,1 Π
1−uv
i,2 , i ∈ {q, g}. (53)
The structure of Sudakov form factors are,
Π1−ui,1 ∝
∑
n
un ·
(
aiκ¯
(1)
fi/i
λ
)n
/n!, (54)
Π1−uq,2 ∝
∑
n
unvn ·
(
aqq¯
nf
c
(1)
g/qλ
)n
/n!, (55)
Π1−ug,2 ∝
∑
n
unvn ·
(
aqc
(1)
Q/gλ
)n
/n!. (56)
Since the leading Sudakov Π1−ui,1 doesn’t contain v, it’s not involved in the increment of
the number of quark jets. On the other hands, the sub-leading Sudakov Π1−ui,2 increase the
number of quark jets since it contains v. In Fig. 2, we noticed that the coefficient κ¯
(1)
fi/i
is
basically larger than c
(1)
i/j since the former is given by the integral of the splitting kernels
having the soft-singularity terms. Therefore the increment of gluon jets is basically
larger than that of quark jets as with the case of final state radiations. However, quark
jets are easier to be radiated from gluon initial state at high energy since c
(1)
Q/g gets bigger
as the hard scale increases.
2.3 Corrections by subsequent emissions
We add a correction to the generating functionals evaluated in the last section. In the
previous section, we use the approximation Φg(κ
′, λ′) = u. This means that emissions
by soft gluons which carry the energy fraction z are neglected. Consequently, a quark
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in final states doesn’t make quark jets more than one due to the absence of g → qq¯.
We modify the approximation in order to take into account the radiations by the soft
gluons as Φg(κ
′, λ′) ' Φ(LL+qq¯)g (κ′, λ′). We also modify the approximation for the ratio of
functionals. We found that the primary structure of the functionals has the exponential
suppression exp(−cκ), thus the precision of approximation employed in the previous
section, i.e., Φq(κ, λ
′)/Φg(κ, λ′) = 1 gets worse as increasing the energy scale κ. In order
to take into account the energy scaling of the ratio, we employ a new approximation
Φq(κ, λ
′)/Φg(κ, λ′) ' Φ(LL+qq¯)q (κ, λ′)/Φ(LL+qq¯)g (κ, λ′). Applying these approximations in
the evolution equation (15) and (16) and neglecting the running of αs, we get
Φ(LL+qq¯+sub)q = uv∆q exp
[∫ λ
0
dλ′
∫ κ
0
dκ′Γq(z, t′)u∆1−ug (κ
′, λ′)∆1−uv
2
qq¯ (κ
′, λ′)
]
, (57)
= Φ(LL+qq¯)q × exp(Sq), (58)
Φ(LL+qq¯+sub)g = u∆G exp
{∫ λ
0
dλ′
∫ κ
0
dκ′
[
Γg(z, t
′)u∆1−ug (κ
′, λ′)∆1−uv
2
qq¯ (κ
′, λ′) (59)
+nfΓqq¯(z, t
′)
∆1−uq (κ, λ
′)
∆1−ug (κ, λ′)∆
1−uv2
qq¯ (κ, λ′)
uv2
]}
,
= Φ(LL+qq¯)g × exp(Sg) exp(S ′). (60)
The exponential factor exp(Si) stems from the modification for the soft-gluon generating
functional. In other words, the term arises from activating subsequent emissions by soft-
gluons. The term exp(S ′) stems from the modification for the functional ratio. Their full
formulae are shown in Appendix A.1. Leading terms for the exponents are as follows:
Si ∼ −u ln ∆i
[
−(1− u)agκλ
4
− (1− uv
2)aqq¯λ
2
]
, (61)
S ′ ∼ −uv2 ln ∆qq¯w
2
, (62)
w = (1− u)(ag − aq)κλ+ (1− uv2)cqq¯aqq¯λ. (63)
In Eq. (61), the double logarithmic term−u ln ∆i comes from the soft-gluon emission i→
i+g. The double and single logarithms in the square brackets comes from the subsequent
emissions by the soft-gluon, and their fractional factors arise from the integrals of the
ordering variables κ′ and/or λ′. In Eq. (62), w/2 comes from the correction to the
functional ratio.
As with the case of final states, we adopt the approximations Φi(λ
′) ∼ Φ(LL+qq¯)i (λ′)
and Ψi(t
′) ∼ Ψ(LL+qq¯)i (t′) for the evolution equations for initial states in Eqs. (24) and
(25), then we get
Ψ
(LL+qq¯+sub)
i = Ψ
(LL+qq¯)
i × exp(Si[fi/i]) exp(S ′i). (64)
For an analytic function G =
∑
n cnκ
n, we define a functionalized one, G[f ], as,
G[f ] =
∑
n
cnκ¯
(n)
f . (65)
11
The full formula of S ′i is shown in Appendix A.1, and the leading terms are,
S ′q ∼ −uv ln Πq,2
−w
2
, (66)
S ′g ∼ −uv ln Πg,2
w
2
, (67)
w = (1− u)(agκ¯(1)g/g − aqκ¯(1)q/q)λ+ (1− uv)(aqc(1)Q/g −
aqq¯
nf
c
(1)
g/q)λ, (68)
Regarding S ′q and S
′
g, −uv ln Πi,2 comes from the sub-leading splitting kernels for g →
qq¯ and g → gq in Eqs (24) and (25). The following factors ±w/2 come from the
corrections to the functional ratios. The sign of w/2 are opposite since the numerators
and denominators for the functional ratios are opposite.
2.4 αs running correction
Finally, we consider the running effect of αs. Taking into account the effect of subsequent
emission discussed in the previous section and using the Sudakov factors and the splitting
functions with a tilde, i.e., ∆˜i and Γ˜i, we get the following equations for final states,
Φ(LL+qq¯+sub+δαs)q = uv∆˜q exp
[∫ λ
0
dλ′
∫ κ
0
dκ′Γ˜q(z, t′)u∆1−ug (κ
′, λ′)∆1−uv
2
qq¯ (κ
′, λ′)
]
, (69)
= Φ(LL+qq¯+sub)q × exp(S˜q) exp(Tq), (70)
Φ(LL+qq¯+sub+δαs)g = u∆˜G exp
{∫ λ
0
dλ′
∫ κ
0
dκ′
[
Γ˜g(z, t
′)u∆1−ug (κ
′, λ′)∆1−uv
2
qq¯ (κ
′, λ′) (71)
+nf Γ˜qq¯(z, t
′)
∆1−uq (κ, λ
′)
∆1−ug (κ, λ′)∆
1−uv2
qq¯ (κ, λ′)
uv2
]}
,
= Φ(LL+qq¯+sub)g × exp(S˜g) exp(Tg) exp(S˜ ′) exp(T ′). (72)
The full formulae for the exponential factors are shown in Appendix A.1 and their
leading terms are,
S˜i ∼ u ln ∆i
[
−1
6
(1− u)agκλ · a(κ+ λ)− (1− uv2)cqq¯aqq¯λ · a
(
κ
4
+
λ
3
)]
, (73)
S˜ ′ ∼ uv2 ln ∆qq¯ · w · a
(
2κ
3
+
λ
3
)
, (74)
Ti = (1− u) ln(∆˜i/∆i) ∼ −(1− u) ln ∆i · aκ+ λ
2
, (75)
T ′ = (1− uv2) ln(∆˜qq¯/∆qq¯) ∼ −(1− uv2) ln ∆qq¯ · a
(
κ+
λ
2
)
. (76)
The two exponents S˜i and S˜
′ are the αs correction for Si and S ′, and eTi and eT
′
are
the corrections for ∆i and ∆qq¯.
The αs correction for the generating functionals of initial states are
Ψ
(LL+qq¯+sub+δαs)
i = Ψ
(LL+qq¯+sub)
i × exp(S˜i[fi/i]) exp(Ti[fi/i]) exp(S˜ ′i) exp(T ′i ), (77)
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where S˜i[fi/i] and Ti[fi/i] are the functionalized S˜i and Ti, and please check the definition
of functionalized in Eq. (65). The full formulae for the exponents S˜ ′i and T
′
i are shown
in Appendix A.1, and their leading terms are as follows:
S˜ ′q ∼ uv ln Πq,2 · w · a
(
c
(1)
g/q +
λ
3
)
, (78)
S˜ ′g ∼ uv ln Πg,2 · w · a
(
c
(1)
Q/g +
λ
3
)
, (79)
T ′q ∼ −(1− uv) ln Πq,2 · a c(2)g/q/c(1)g/q, (80)
T ′g ∼ −(1− uv) ln Πg,2 · a c(2)Q/g/c(1)Q/g. (81)
3 Numerical results
3.1 Number of quark jets
We evaluate the quark jet rate for a given Born configuration, i1i2 → f1f2. A generating
functional for the configuration is given by,
Φi1i2→f1f2 = Ψi1(x1, ti1)Ψi2(x2, ti2)Φf1(pf1 , tf1)Φf2(pf2 , tf2). (82)
We assume that the two final states scatter in the central region, which tends to occur
at high energy, and set as pˆT = pf1 = pf2 = x1pbeam = x2pbeam, where the proton beam
energy is set to pbeam = 7 TeV. The starting scale is set to the maximal one allowed
kinematically, namely tmax =
√
2.
We calculate the number of quark jets for events in which Njets jets are contained.
The expected value for the number is given by,
〈Nquark-jets〉 =
∑n
m=0mR
(i1i2→f1f2)
n,m
R
(i1i2→f1f2)
n
, n = Njets, (83)
where the jet rates and quark jet rates for i1i2 → f1f2 are given as,
R(i1i2→f1f2)n =
1
n!
∂n
∂un
Φi1i2→f1f2
∣∣∣∣
u=0,v=1
, (84)
R(i1i2→f1f2)n,m =
1
n!m!
∂n
∂un
∂m
∂vm
Φi1i2→f1f2
∣∣∣∣
u=v=0
. (85)
In Fig. 3, the results for gg → gg (left), gu → gu (center) and uu → uu (right)
are shown. In the calculation, p0 = 50 GeV and R = 0.4 are used. We set the parton
transverse momentum as pˆT = 1 TeV. The blue, green and red curves are analytical
results using the functionals labeled by (LL + qq¯), (LL + qq¯ + sub) and (LL + qq¯ +
sub + δαs). The black curves show Monte-Carlo predictions given by Herwig++ [110].
iv
ivOur calculation employs a traditional angular-ordered parton shower formalism with 1→ 2 splitting
kernels. We compare our calculation with Herwig++ implementing the same formalism and the splitting
kernels to check the consistency of our analytical results.
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Figure 3: Expected values of the number of quark jet for events in which Njets jets are contained.
The results for gg → gg (left), gu → gu (center) and uu → uu (right) are shown. In the calculation,
p0 = 50 GeV and R = 0.4 are used.
Hadronization is turned off and the generated partons are clustered by anti-kT algorithm
[111].v We define a jet flavor from jet constituents. In the definition, it is necessary
to consider the IR-unsafety of the jet flavor caused by soft gluon decaying into qq¯ as
referred to in Ref. [97]. We take into account the decay effect and details of estimating
the number of quark jets in Monte-Carlo samples are summarized in Appendix A.3. We
can see the analytic results including the terms of the subsequent emissions agree with
the Monte-Carlo results.
The primary structure of functionals has the form with constants,
Φ ∝ u2vm0eAuλeBuvλeCuv2λ, (86)
where A, B and C are constants for a Born configuration. The expected value for the
functional is estimated as,
〈Nquark-jets〉 ' B + 2C
A+B + C
(Njets − 2) +m0, (87)
where m0 is the number of quarks in final states for a targeted Born configuration. As
increasing the coefficients B and C related to v, the number of quark jets increases.
The three coefficients and the initial number of quark for three configurations gg → gg,
gu → gu, and uu → uu are shown in Table 1. When we neglect subsequent emissions,
the increase of quark jets for uu → uu is tiny because it is caused by only B and the
coefficient is much smaller than other coefficients as shown in Fig. 2. The main cause of
the increase of quark jets for uu→ uu stems from exp(Sq) which is related to subsequent
emissions, and the lowest order at which v appears is O(u4v4), therefore, the number of
quark jets begins to increase clearly from Njets = 4.
You can also see auxiliary plots in Appendix A.4 where only initial or final state
radiations are taken into account.
3.2 Expected improvement by the quark/gluon discrimination
In this subsection, we connect the knowledge obtained so far and BSM searches at the
LHC. In Sec. 3.1, we can see that coefficient A in Table 1 which is related to the increment
v As mentioned in Sec. 2, we will be able to measure the Njets dependence on 〈Nquark-jets〉 using the
hadron-level definition of quark jets as in Ref. [100].
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i1i2 → f1f2 m0 A B C
gg → gg 0 2ag(κ+ κ¯(1)fg/g) 2c
(1)
Q/gaq 2cqq¯aqq¯
gu→ gu 1 ag(κ+ κ¯(1)fg/g) + aq(κ+ κ¯
(1)
fq/q
) c
(1)
Q/gaq + c
(1)
g/u
aqq¯
nf
cqq¯aqq¯
uu→ uu 2 2aq(κ+ κ¯(1)fu/u) 2c
(1)
g/u
aqq¯
nf
0
Table 1: Coefficients in Eq. (86) for three configurations gg → gg, gu→ gu, and uu→ uu.
of gluon jets is basically bigger than B and C. This means that many of QCD multi-jet
background is composed of gluon jets and few quark jets stemming from the valence
quarks. So, we expect to get a large improvement in the separation between QCD
multi-jet backgrounds and signals containing many quark jets by using the quark/gluon
tagging.
We estimate the improvement of signal-to-background ratio (S/B) for such signals
using the analytical results in Sec. 2 and Monte-Carlo results. We introduce an im-
provement factor S/B, where S and B are a signal and background efficiencies after
applying the quark/gluon discrimination in multi-jet final states. Therefore the ratio
factor represents how many times S/B increases after the application. We assume that
all jets in signals are quark jets, i.e., Nq,S = Njets, where Nq,S is the number of quark
jets in signals. Such signals will be also considered in the next section. In this assump-
tion, the signal efficiency is naively estimated as S ∼ Nq,Sq . If a signal contains one
more quark jet than a background, S/B gains q/g times by applying the quark/gluon
tagging, i.e., S/B = q/g, where q and g are the quark and gluon jet efficiencies. In
case that the expected value of quark jets in background is Nq,B, we can expect that
the improvement factor maximally increases up to S/B ∼ (q/g)Nq,S−Nq,B . Below, we
estimate Nq,B using generating functionals in Sec. 2.4. Although the efficiency ratio
q/g is calculable for an IRC-safe and Sudakov safe variables, we calculate the ratio
using a Monte-Carlo generator.
For the estimation of Nq,B, we first define the generating functional for proton colli-
sions as,
Φpp→jets ∝
∑
i1,i2
fi1(xi1 , µF )fi2(xi2 , µF )Φi1i2→f1f2 (88)
The starting scale, pˆT and pbeam in Φi1i2→f1f2 are set as in Sec. 3.1. The hard scale
of collision is set to the invariant mass of initial partons
√
sˆ. We are interested in
the case that the hard scale is a given new physics scale Λnew, therefore we set as√
sˆ = Λnew. The transverse momentum of final states is set to half of the invariant
mass as pˆT =
√
sˆ/2 = Λnew/2. The function fi is the proton PDF for an initial parton
i, and the factorization scale is set to µF = pˆT . The four-flavor scheme is used in the
calculation. With these setting, we calculate the expected value of quark jets Nq,B as
in Sec. 3.1,
Nq,B =
∑n
m=0mR
(pp→jets)
n,m
R
(pp→jets)
n
, n = Njets, (89)
R(pp→jets)n =
1
n!
∂n
∂un
Φpp→jets
∣∣∣∣
u=0,v=1
, (90)
R(pp→jets)n,m =
1
n!m!
∂n
∂un
∂m
∂vm
Φpp→jets
∣∣∣∣
u=v=0
. (91)
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Figure 4: Jet pT dependence on gluon efficiencies for each quark efficiencies (left pannel). Dependence
of a new physics scale Λnew on the improvement factor S/B for each Njets categories (right pannel).
Next, we show Monte-Carlo results for the quark and gluon jet efficiencies. In Fig. 4,
the left figure shows the jet-pT dependence on the gluon efficiency for several quark
efficiencies. We use Vincia [112–117] in the calculation.vi We use an output evaluated
by the BDT algorithm as a discrimination variable. The output is trained using four
variables, namely the number of charged tracks, energy correlation functions [16] with
β = 0.2 and 1.0, and pT -normalized jet mass (mjet/pT ). Only charged track informations
are used for the calculation of the BDT inputs. When we calculate q and g in the
improvement factor, we set the jet pT in the estimation of the quark and gluon jet
efficiencies to Λnew/Njets.
Finally, we estimate the improvement factor S/B = (q/g)
Nq,S−Nq,B with the above
setting. The right plot in Fig. 4 shows the dependence of a new physics scale Λnew on
the factor for each Njets categories. The signal efficiency is fixed at 0.4. We can see that
the improvement factor increases as the number of jets increases since the difference
of the number of quark jets between the signal and background, namely Nq,S − Nq,B,
gets larger. Also, the factor improves as the new physics scale gets larger because
discrimination power for the quark/gluon separation increases as the jet pT increases.
The effect is clear in large Njets categories. The probability that valence quarks flow into
final states becomes larger as Λnew increases. This makes the difference of the number
of quark jets between the signal and background small, therefore the factor decreases.
This effect is noticeable in small Njets categories.
4 BSM searches in milti-jet final states
In this section, we calculate the improvement factor estimated in subsection 3.2 by a
realistic data-driven way using a Monte-Carlo generator. The data-driven method is
often used for the analysis of multi-jet final states. A typical analysis is the micro black
hole search [73–79]. In the analysis, phase space is divided by a variable related to the
hard scale, e.g., the scalar sum of jet transverse momenta HT , the scalar sum of the
vi The one problem on the topic of quark/gluon discrimination is Monte-Carlo uncertainties of the
predictions, and known that experimental data on certain observables related to quark/gluon tagging
lie in between the predictions of the two MC generators Pythia and Herwig [54, 56, 57]. Although
Vincia’s results are close to Pythia’s one, those lie in the the predictions of the two MC generators,
and the uncertainties are focused in Refs. [5, 118,119].
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masses of large-R jets, M
∑
J [120–122] etc. We fit the distribution of the variable on
phase space at low-energy scale referred to as control region (CR), and estimate the
number of background on phase space at high-energy scale referred to as signal region
(SR) using the fit function. If there is excess from the estimated background, we think
it as a sign of new physics.
One of the problems for such analyses is that we simplify the high jet multiplicity
events too much. In the analysis explained above, only one or two inclusive variables
are mainly used.vii We can also utilize robust jet substructure variables for quark/gluon
tagging in the analysis. It is difficult to predict multi-dimensional distributions for the
jet substructure variables in multi-jet final states precisely, therefore, the data-driven
approach is preferred to incorporate the jet flavor information in the analysis. We
introduce a variable containing the information for data-driven analysis,viii
d =
√√√√ 1
n
n∑
i=1
Q2i , for Njets ≥ n, (92)
where Qi(> 0) shows a kind of quark-jet-ness for i-th jet. If jet substructure for the
i-th jet looks like quark jet rather than gluon jet, Qi takes larger value. In this paper,
we use the BDT output used in Section 3.2 as Qi, which is trained like that quark and
gluon jet are assigned to 1 and 0. The variable d takes a large value for events which
contain many quark jets.
We consider the following toy-signal topologies:
(gg or uu¯)→ XX, X → nX-quarks. (93)
The pare production of a hypothetical heavy resonance X has initial states gg or uu¯
in proton collisions and X decays into nX quarks. For example, the pair production of
gluinos and squarks in SUSY with R-Parity Violation has the same decay topology. We
generate hard processes using Madgraph5 [80] with CTEQ6L PDF and have X decay in
phase space flatly. When nX is odd or even, X is assigned to the color-octet or -triplet
respectively, and color indices of X are connected to those of quarks in the large-Nc
limit. We use Vincia for the parton showering and the hadronization.
For the simulation of QCD multi-jet background, we use Vincia with the default
setting.
The generated signal and background are clustered with the anti-kt algorithm and
the jet radius is set to R = 0.4. As selection cuts, minimum transverse momentum
(pT > 50GeV) and rapidity cut (|η| < 2.8) are imposed to all jets. The invariant mass
of the collision system is set to
√
s = 14 TeV.
In Fig. 5, the black and red curves show the distribution of Qi for the background
and signal, where HT > 2 TeV, Njets ≥ 8 are imposed. For background, Qi’s tend to be
distributed in the region close to 0 since the gluon jets are dominant in QCD multi-jet
viiThe sum of fat jet masses M
∑
J also contain some information on exclusive variables like jet pT and
the distance between sub-jets.
viiiWe found that the performance of the discrimination between the signal and background discussed
below can increase slightly with a more complicated definition of d. The optimization of variable d is
beyond the scope of this paper.
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Figure 5: The black and red curves show the distribution of Qi for the background and signal, where
HT > 2 TeV, Njets ≥ 8 are imposed. We use BDT outputs used in Section 3.2 as Qi, which is trained
like that quark and gluon jet sample are assigned to 1 and 0.
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Figure 6: The distribution of d for the QCD multi-jets (left) and the signal (right) for each Njets
categories. The signal is set to MX = 2 TeV and nX = 5.
final states, however, Q1 has a clear peak on the side of 1 due to the effect from valence
quark jets. For the signal, we set the mass of X (MX) to 2 TeV, and nX = 3. The signal
has six quarks in the hard process, so Qi’s are distributed in the region close to 1 up
to 6-th jet. The 7-th and 8-th jets would stem from QCD radiations, so the differences
between the signal and background become small.
In Fig. 6, the distribution of d for the QCD multi-jets (left) and the signal (right)
for each Njets categories are shown. The signal is set to MX = 2 TeV and nX = 5. We
can remove the background by imposing cut d > dcut, since the signal is distributed in
large-d region.
In Fig. 7, the remaining rates of the number of events after imposing d-cut for each
HT bins are shown. The left and right figures are the results for the QCD multi-jets
and the signal at Njets ≥ 6. The signal parameters are MX = 2 TeV and nX = 5. The
background gets decreasing rapidly after imposing larger dcut. What we want to know
is that the number of backgrounds after imposing d-cut at high energy region. Due
to the complexity of large jet multiplicity events, such number should be estimated by
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Figure 8: MX -dependence on the efficiency ratio. We can see how the ratio changes with increasing
the lower bound of Njets from 3 to 10, and nX from 2 (left-most) to 5 (right-most).
the data-driven method. The dotted curves in Fig. 7 show an example of interpolation
curves which are fitted by using data in a control region, i.e., HT < 4 TeV in the figure.
In the practical analysis, we can know the ratio of background in signal regions using
such interpolation curves, and can obtain the upper bound on the cross-section imposed
d-cut in QCD multi-jet final states.
We estimate how much S/B improves by applying the quark/gluon discrimination
in multi-jet final states. The ratio is given by,
S
B
' σS(selection cuts & HT -cut)
σB(selection cuts & HT -cut)
× S(dcut)
B(dcut)
, (94)
X(dcut) =
σX(selection cuts & HT -cut & d > dcut)
σX(selection cuts & HT -cut & d > 0)
, (95)
where σX is the cross-section for the signal (X = S) and the background (X = B)
after imposing the condition in the brackets. The impact coming from quark/gluon
discrimination is included in the second ratio S(dcut)/B(dcut). We employ a HT -cut
HT > 1.8MX , which almost makes the significance of signal maximum in the case that
systematic uncertainties and d-cut are neglected.
In Fig. 8, MX-dependence on the efficiency ratio is shown, where the dependence on
S/
√
B is also shown on the right axis. We can see how the ratio changes with increasing
the lower bound of Njets from 3 to 10, and nX from 2 (left-most) to 5 (right-most). We
choose dcut which gives the signal efficiency S = 0.4. These are the results in the case
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Figure 9: Same as Fig. 8, with the initial states uu¯.
that the initial state is gg. The ratio clearly keep increasing until the lower bound of
Njets reaches up to 2nX since 2nX quarks are contained in the hard processes of signal.
A quark emitted from X could be softer than partons arising from initial and/or final
state radiations. In that case, the quark from X could be (2nX +1)-th jet, so we can see
some improvements on S/B even if the lower bound of Njets is greater than 2nX . We can
understand the behavior of MX dependence on the improvement factor from the result
in Section 3.2. The ratio improves as MX get larger because the discrimination power
of the quark/gluon separation increases as the jet pT increases. The effect is clear in the
large Njets categories. The probability that valence quarks are in final states becomes
larger as the masses increase. This makes the difference of the number of quark jets
between the signal and background small, and makes the ratio decrease. The effect
looks important in the small Njets categories. We also see a good agreement between
the right-most figure in Fig. 8 and the semi-analytic result in Fig. 4. In both cases,
signals are quite quark jet dominant. Note that the hard scale or the invariant mass for
the pair production X is about 2MX , therefore, the label Λnew/2 on the x-axis in Fig. 4
almost corresponds to MX on the x-axis in Fig. 8.
Fig. 9 shows the same as Fig. 8, with the initial states uu¯. The Born configuration
of gg initial state tends to emit valence quark jets at high energy, but also emit gluon
jets more compared to the case of uu¯ initial state since the color factor for g → gg is
larger than q → qg 9/4 times. Consequently, initial state radiations from gg reduce the
quark jet fraction, then the improvement factors for uu¯ is slightly better than those for
gg.
5 Conclusions
The quark/gluon discrimination is maximally utilized for searches of new physics that
predicts quark and gluon jet fractions which is different from what the QCD background
does. To know the jet flavor structure in QCD multi-jet final states at hadron colliders,
we have introduced quark jet rates Rn,m which is the probability that a parton or a
matrix element produce n jets in which m quark jets are contained. We have calculated
generating functionals, which contain the quark jet rates as coefficients, for initial and
final state by using the QCD resummation technique.
Exponential structures of the functionals are evaluated and we can get the quark
jet rates Rn,m from the expansion coefficients. The increment of gluon jets mainly
arises from leading logarithmic terms in the coefficients, and that of quark jets comes
from next-to-leading logarithmic terms. More details of the logarithmic structure are
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also shown. In order to know a rate of the increment of quark jets, we have shown
the expected value of the number of quark jets in Njets categories for matrix element
configurations gg → gg, gu → gu and uu → uu. For example, when we set the jet
radius, jet pT cut, and the parton pT cut to R = 0.4, p0 = 50 TeV and pˆT = 1 TeV, the
number of quark jets increases by about 0.25, 0.18 and 0.12 for the three configurations
while the number of jet increases by 1. We have also checked the consistency between
the analytical results and Monte-Carlo predictions.
Since the QCD multi-jets are basically composed of few valence quark jets and many
gluon jets, we expect a big improvement on S/B for a signal which predicts many quark
jets, by using the quark/gluon discrimination. We have estimated the improvement
semi-analytically using the above results and have shown that the improvement gets
larger as the number of quark jets in signals increases. For example, S/B increases by
about 20 times in the case that a new physics scale is Λnew = 4 TeV and the number of
quark jets is 10.
We have introduced a variable d that takes a large value for events in which many
quark jets are contained, and have suggested a data-driven analysis using the variable.
Assuming a pare production of a hypothetical heavy resonance X which decays into nX
quarks as a signal, we have evaluated the large improvement on S/B for each masses
of X, nX and initial states in Monte-Carlo analysis, and have shown the usability of
quark/gluon discrimination in multi-jet final states.
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A Details on quark jet rates
A.1 Formulae
In Sec. 2.2, generating functionals which contain effects of emissions coming from only
progenitor partons are evaluated, and those for final states are given as,
Φ(LL+qq¯)q = uv∆
1−u
q , (96)
Φ(LL+qq¯)g = u∆
1−u
g ∆
1−uv2
qq¯ . (97)
For initial states, we get
Ψ
(LL+qq¯)
i = Π
1−u
i,1 Π
1−uv
i,2 , i ∈ {q, g}. (98)
In Sec. 2.3, we have also considered effects of subsequent emissions. The functionals
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are factorized into the primary terms and exponential terms related to the effect as,
Φ(LL+qq¯+sub)q = Φ
(LL+qq¯)
q × exp(Sq), (99)
Φ(LL+qq¯+sub)g = Φ
(LL+qq¯)
g × exp(Sg) exp(S ′), (100)
where
Si = −u ln ∆i I1(pκλ, qλ), (101)
S ′ = −uv2 ln ∆qq¯ I2(w), (102)
and
I1(x, y) =
Ein(x+ y)− Ein(y)
x
− 1, (103)
I2(z) =
ez − 1
z
− 1, (104)
p = (1− u)ag, q ' (2/3)(1− uv2)aqq¯, (105)
Ein(z) =
∞∑
n=1
−(−z)n
nn!
. (106)
For q in Eq. (105), we used an approximation cqq¯ ' 2/3. For initial states, the generating
functionals containing effects of subsequent emissions are
Ψ
(LL+qq¯+sub)
i = Ψ
(LL+qq¯)
i × exp(Si[fi/i]) exp(S ′i), (107)
where
S ′q = −uv ln Πq,2I2(−w), (108)
S ′g = −uv ln Πg,2I2(+w). (109)
You can see the definition of w in Eq. (68).
In Sec. 2.4, the running effects of αs are also considered. In the case, the functionals
for final states are written as,
Φ(LL+qq¯+sub+δαs)q = Φ
(LL+qq¯+sub)
q × exp(S˜q) exp(Tq), (110)
Φ(LL+qq¯+sub+δαs)g = Φ
(LL+qq¯+sub)
g × exp(S˜g) exp(Tg) exp(S˜ ′) exp(T ′), (111)
where
S˜i = u ln ∆i
(
−κ+ λ
2
+ I3(s)− I3(q)
)
, (112)
Ti = −(1− u) ln ∆i I4(aκ, aλ), (113)
S˜ ′ ' −uv2aqq¯ a
1 + aκ+ aλ
[(
κ− 13
12
)(
ew − 1
w
− 1
)
+ λ
(
1− ew
w2
+
ew
w
− 1
2
)]
,
(114)
T ′ ' (1− uv2)2
3
aqq¯λ
a
1 + aκ+ aλ
(
κ+
λ
2
− 13
12
)
, (115)
and
I3(z) = − 1
pκλ
[(
z
p
+ λ
)
I2(−zλ) + q
p
Ein(zλ)
]
, (116)
I4(x, y) = 1− (1 + x+ y) ln(1 + x+ y)− (1 + x) ln(1 + x)− (1 + y) ln(1 + y)
xy
. (117)
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In the calculations of S˜ ′ and T ′ in Eqs. (114) and (115), we use the following approxi-
mation, ∫ κ
0
dκ′
∫ λ
0
dλ′F (κ′, λ′)D =
∫ κ
0
dκ′
∫ λ
0
dλ′F (κ′, λ′)
a(κ′ + λ′)
1 + a(κ+ λ)
. (118)
This approximation has good accuracy because the integrants for S˜ ′ and T ′ are localized
around κ′ = κ and λ′ = λ. For initial states, we get
Ψ
(LL+qq¯+sub+δαs)
i = Ψ
(LL+qq¯+sub)
i × exp(S˜i[fi/i]) exp(Ti[fi/i]) exp(S˜ ′i) exp(T ′i ), (119)
where
S˜ ′q ' uv ln Πq,2 aI5(c(1)g/q, c(2)g/q), (120)
S˜ ′g ' uv ln Πg,2 aI5(c(1)Q/g, c(2)Q/g), (121)
T ′q = (1− uv)
aqq¯
nf
δc
(1)
g/qλ, (122)
T ′g = (1− uv) aq δc(1)Q/gλ, (123)
and
I5(c1, c2) =
(
1− ew + wew
w2
− 1
2
)
λ+
ew − 1− w
w
· c2
c1
, (124)
δc
(1)
g/q =
nf
aqq¯
∫ κ¯
0
dκ¯′Γg→qq¯(κ¯′)
fg(x
′)
fq(x′)
[
1− 1
aλ
ln
(
1 +
aλ
1 + aκ¯′
)]
, (125)
δc
(1)
Q/g =
1
aq
∫ κ¯
0
dκ¯′
∑
q
Γq→gq(κ¯′)
fq(x
′)
fg(x′)
[
1− 1
aλ
ln
(
1 +
aλ
1 + aκ¯′
)]
. (126)
In the calculations of S˜ ′q,g in Eqs. (120) and (121), we expand D by the logarithms and
take into account only the leading term, namely D ' a(κ′ + λ′).
A.2 Matrix element corrections
In Sec. 3, the number of quark jets for each Njets categories are evaluated by applying
parton showers to Born configurations. In the calculation, matrix element corrections
are absence for more than 2 jets. In Fig. 10, we show the matrix element correction
to the number of quark jets with CKKW matching using Sherpa [123, 124]. The black
curve is a result for pp→ jj + parton showers. One and two partons are matched into
the Born configuration and the results are shown in the red and blue curves. We impose
HT > 2 TeV and set to
√
s = 14 TeV.
In the black curve, 〈Nquark-jets〉 is about 1.5 at Njets = 2. This means that final states
tend to become two valence quarks. In this case, the curve has an artificial kink at
Njets = 3 as discussed in Sec. 3. We can see that the kink disappears with matching. In
the red and blue curves, the matrix element corrections are contained up to Njets = 3
and 4, and we find the configuration containing gluons in final states increases. As we
see in Sec. 3, the increase rate of quark jets for the gluon final state is larger than that
for the quark final state. Therefore, the rate slightly increases after the matching.
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Figure 10: Matrix element correction to the number of quark jets with CKKW matching. The black
curve is a result for pp → jj + parton showers. One and two partons are matched into the Born and
the results are shown in the red and blue curves, where we impose HT > 2 TeV and set to
√
s = 14
TeV.
A.3 Estimating the number of quark jets in Monte-Carlo sam-
ples
In Fig. 3 of Sec. 3.1, we compare the number of quark jets calculated analytically with
that using Monte-Carlo events at parton level. We define a jet flavor for each jet in multi-
jet final states and estimate the expected value of the number of quark jets 〈Nquark-jets〉
for each Njets category. One can define a quark or gluon jet with jet constituents. First,
we look for a qq¯ pair in the constituents and convert the pair to a gluon, and add the
gluon into the constituent list. We continue this until any pair cannot be found. After
the conversion, if only gluons are in the list we call the jet as gluon jet otherwise quark
jet. If a quark jet contains only one quark in the list after the conversion we call it
as well-defined quark jet otherwise ill-defined quark jet. In the definition, the number
of quark jets is IR-unsafe because the number can change due to a quark of qq¯ that a
soft gluon decays into. We temporarily call the effect from the soft gluons as gsoft → qq¯
pollution. This pollution turns a gluon jet or a well-defined quark jet into a well-defined
quark jet or an ill-defined quark jet.ix
In consideration of the effect, we reduce IR-unsafety by adding a correction to the
number of quark jet calculated by the above simple algorithm. We first define two
probabilities Pn,m and Pˆn,m that show quark jet rates calculated in a system where
we can ignore gsoft → qq¯ pollution and cannot. Here, the quark jet rate shows the
probability that events contain m quark jets and totally n jets. Pˆn,m can be expressed
by the following sum,
Pˆn,m = Pˆ
(well)
n,m + Pˆ
(ill)
n,m. (127)
Pˆ
(well)
n,m shows the probability that events contain m quark jets and totally n jets, where
the quark jets are all well-defined jets. Pˆ
(ill)
n,m is the probability for the case that the
ixWe ignore that more than one quark contamination gets into a single jet and also that gsoft → qq¯
pollution turns a well-defined quark jet into a gluon jet.
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ill-defined jet is contained. Using Monte-Carlo samples, we can calculate the two prob-
abilities with the jet flavor definition explained above paragraph.
The ill-defined probability is approximately given as,
Pˆ (ill)n,m ' mPn,m, (128)
where  shows the probability that gsoft → qq¯ pollution get into a jet. This shows
a contribution that a well-defined quark jet turns into an ill-defined quark jet by the
pollution. There is another relation,
Pˆ (well)n,m ' (1− n)Pn,m + [n− (m− 1)]Pn,m−1, (129)
The 1st term is the contribution for the case that gsoft → qq¯ pollution doesn’t affect to
the jet flavor of any jets. The 2nd term is the contribution for the case that a gluon
jet turns into well-defined quark jets by the pollution. Then, a ratio of the measurable
probabilities is,
Pˆ
(ill)
n,m
Pˆn,m
= m+O(2). (130)
We denote the expected value of the number of quark jets in a system where gsoft → qq¯
pollution can be neglected or cannot be neglected as 〈Nquark-jets〉 or 〈Nˆquark-jets〉, and the
values can be related to the quark jet rates as,
〈Nquark-jets〉 =
∑n
m=0mPn,m∑n
m=0 Pn,m
, (N,P )↔ (Nˆ , Pˆ ). (131)
Finally, we obtain the following expression,
〈Nquark-jets〉 = 〈Nˆquark-jets〉 − (n− 〈Nˆquark-jets〉)+O(2). (132)
Ignoring O(2) term, we estimate  from Eq. (130) and correct the 〈Nˆquark-jets〉 to
〈Nquark-jets〉 with Eq. (132). We employ 〈Nquark-jets〉 as the Monte-Carlo results, which is
more appropriate to compare with analytical results in terms of IR-safety.
One may come up with a way to reduce IR-unsafety from gsoft → qq¯ pollution with
flavour-kt algorithm [97], but it’s not simple to apply it on multi-jet final states. In our
analytical calculation jet is defined by jet-radius R and pT,cut, and in order to cluster
jet based on the definition, it is necessary to partially modify the algorithm. First,
in order to cluster unresolved emission whose distance between a jet core is less than
R, it is necessary to modify the distance factor in the measure of flavor-kt algorithm
for hadron collider d
(F )
ij as ∆η
2
ij + ∆φ
2
ij → (∆η2ij + ∆φ2ij)/R. Also, the beam measure
d
(F )
iB for quark (or flavoured particle) in this algorithm is larger than jet-pT employed in
commonly used algorithms. As a result, when a jet is clustered with the inclusive variant
of the algorithm without introducing dcut, hard particles separated by R or more can
be clustered. This doesn’t match our jet definition. If we introduce dcut and cluster jets
with the exclusive variant, it would be appropriate to choose as dcut = pT,cut. If dcut is
set to greater or less than pT,cut, the minimum value of jet pT will be greater or less than
pT,cut. However, even if we set as dcut = pT,cut, d
(F )
ij and d
(F )
iB become easily larger than
dcut as increasing the hard process scale. In the case that d
(F )
ij and d
(F )
iB are larger than
dcut for i and j, the two partons are declared as jets even if the distance between i and
j is less than R. This also doesn’t match our jet definition. While avoiding problems
such as above, we might be able to devise a good way to define IR-safe inclusive jets
in multi-jet final states, but this time we counted the number of quark jets in the way
written in the above paragraph.
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A.4 Initial and final state radiation
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Figure 11: Same as Fig. 3, considering only the initial state radiation.
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Figure 12: Same as Fig. 3, considering only the final state radiation.
Generating funtionals for initial state radiations (ISR) and final state radiations
(FSR) are calculated in Sec. 2. The number of quark jets are evaluated using the
funtionals for three Born configulations in Sec. 3. In the calculation, the contribution
from ISR and FSR to the number are combined. In Fig. 11 and Fig. 12, we show results
in which only ISR and FSR are taken into account. The results for gg → gg (left),
gu → gu (center) and uu → uu (right) are shown. In the calculation, p0 = 50 GeV,
and R = 0.4 are used. We set pˆT to 1 TeV. The blue, green and red curves are the
analytical calculations using the functionals labeled by (LL + qq¯), (LL + qq¯ + sub) and
(LL + qq¯ + sub + δαs). The black curves show the Monte-Carlo prediction given by
Herwig++.
When we neglect subsequent emissions, the increase of quark jets for uu → uu in
the case of ISR-only is tiny for the same reason as discussed in Fig. 3. In the case
of FSR-only, the generating functional doesn’t contain v, so the number of quark jets
doesn’t increase at all. The main cause of the increase of quark jets for uu→ uu stems
from exp(Sq) which is related to subsequent emissions, and the lowest order at which v
appears is O(u4v4), therefore, the number of quark jets begins to increase clearly from
Njets = 4 as discussed in Sec. 3. For the case of ISR-only and gg → gg, the number of
quark jets decreases a lot when we take into account the subsequent emissions in our
analytic calculation. This is mainly because the coefficients for uv in Eq. (68) takes
a large negative number, which stems from the improvement of approximation to the
generating functional ratio in Eq. (25).
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